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The geometric and electronic structures of NaN, CuN, and AgN metal clusters are systematically
studied based on the density functional theory over a wide range of cluster sizes 2N75. A
remarkable similarity is observed between the optimized geometric structures of alkali and noble
metal clusters over all of the calculated cluster sizes N. The most stable structures are the same for
the three different metal clusters for approximately half the cluster sizes N considered in this study.
Even if the most stable structures are different, the same types of structures are obtained when the
metastable structures are also considered. For all of the three different metal clusters, the cluster
shapes change in the order of linear, planar, opened, and closed structures with increasing N. This
structural-type transition leads to a deviation from the monotonic increase in the specific volume
with N. A remarkable similarity is also observed for the N dependence of the cluster energy EN
for the most stable geometric structures. The amplitude of this energy difference is larger in the two
noble metal clusters than in the alkali metal cluster. This is attributed to the contribution of d
electrons to the bonds. The magic number is explicitly defined with a new criterion in the framework
of total energy calculations. In the case of NaN, a semiquantitative comparison between the
experimental abundance spectra Knight et al., Phys. Rev. Lett. 52, 2141 1984 and the total
energy calculations is carried out. The changing aspect of the Kohn–Sham eigenvalues from N
=2 to N=75 is presented for the three different metal clusters. The feature of the bulk density of
states already appears at N=75 for all of three clusters. With increasing N, the highest occupied
molecular orbital HOMO-lowest unoccupied molecular orbital LUMO gap clearly exhibits an
odd-even alternation and converges to 0. Although there is a similarity in the N dependence of the
HOMO-LUMO gap between the three metal clusters, it is much stronger between the two noble
metal clusters. The growth aspect of the d band below the Fermi level of the noble metal clusters
with increasing N is presented. A good correspondence is observed in the d characteristic of the
electronic states between the cluster composed of 75 atoms and the bulk metal. The similarities
observed in the N dependence of the geometric structures and ENs originate from the similarity in
that of the electronic structures. © 2009 American Institute of Physics. doi:10.1063/1.3187934
I. INTRODUCTION
It is beneficial to study the geometric structures and vari-
ous electronic properties of clusters as an intermediate phase
of materials between isolated and condensed systems; the
combination of quantum chemistry and solid state physics
will result in further developments in the field of materials
science. In the basis of the density functional theory
DFT,1,2 an ab initio many-body theory for systems in the
ground state, a detailed comparative study of the most and
metastable geometric and electronic structures of three dif-
ferent metal clusters—NaN, CuN, and AgN—is systematically
carried out over a wide range of 2N75. The three types
of atoms composing those clusters have a common feature in
that the outermost valence electron is one s electron. The
changing and converging aspects of the geometric and elec-
tronic structures of alkali and noble metal clusters from a
diatomic molecule dimer to a condensed system have been
presented explicitly and compared for the first time. A simple
review of previous studies on clusters is presented below.
In 1984, a study was carried out based on the Woods–
Saxon-type shell model3 to explain the distinctive peak ob-
served in the abundance spectra of a NaN cluster at special
value of N N=8,20,40,58,92, . . . evaluated in an experi-
ment. Within this shell model, the electronic structures of
simple metal clusters are expressed based on a simple spheri-
cal effective potential using phenomenological parameters.
In this model, the Coulomb interactions between electrons
are completely neglected. In a later study, Clemenger4 ex-
plained the anomalous N-dependent stability of a NaN cluster
using a harmonic oscillator-type shell model with the effect
of Coulomb interactions being neglected. In addition to
simple shell models, various types of jellium models5–8 were
adopted for NaN clusters. In jellium models for metal clus-
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ters, the equilibrium ionic configuration of a cluster is aver-
aged and replaced by a uniform or nearly uniform potential
with a surface boundary. In most previous studies, the jel-
lium models were incorporated with the DFT and the total
energies were evaluated. The subsequent calculations have
shown that the simple models give correct shapes for neutral
and charged NaN clusters within a range of cluster sizes
2N21.9,10 Also the calculations are successful in giving
correct energetics for charged NaN clusters.
9 In model-based
studies of NaN, the N-dependent cluster stability was evalu-
ated based on the shell correction energy, curvature of the
sum of the electronic eigenvalues, and total energy.6–8,11–19
For the evaluation of the N-dependent total energy, a
semiquantitative comparison with the peak intensity IN in
the experimental abundance spectra20 was also carried out.
However, cluster studies based on these models are different
from those based on the first principles FP calculations,
which directly relate the geometric structures to the elec-
tronic structures. Even if the experimental magic number for
a particular value of N is obtained accidentally, these models
are not based on a close relationship between the geometric
and electronic structures of real NaN clusters. Furthermore,
using these models, it is impossible to study the similarities
and differences between the alkali metal cluster NaN and the
noble metal clusters CuN and AgN because the s electron in
the outermost shell as well as d electrons in the inner shell
contribute to bonding in the latter.
Recently, the most and metastable structures of charge
neutral NaN, CuN, and AgN clusters were determined for N
22 from FP calculations based on DFT.21–27 In this study,
an extremely systematic comparative study based on DFT
was carried out for the three different metal clusters up to
N=75. Our study successfully reproduced the results of
stable geometric structures obtained in previous studies; fur-
thermore, it successfully discovered the convergence aspects
of the electronic structures of clusters with those of bulk
metals.
In Sec. II, the computational method and the approxima-
tion are described. In Sec. III, the most and metastable struc-
tures are systematically classified and the similarities and
differences between the three different metal clusters are de-
scribed. In Sec. IV, the N dependence of the ground state
energy of the most stable cluster structure is analyzed. In
Sec. V, all aspects of the electronic structure of the clusters
including the odd-even alternation of the highest occupied
molecular orbital HOMO-lowest unoccupied molecular or-
bital LUMO gap are described. In Sec. VI, the conclusion
of this study is presented.
II. COMPUTATIONAL METHODS
An exact many-body theory for a ground state system
DFT Refs. 1 and 2 was employed to study the geometric
and electronic structures of NaN, CuN, and AgN clusters. In
the DFT, various physical properties of materials such as the
exact ground state total energy can be evaluated if the exact
exchange-correlation energy functional is adopted.
In this study, the generalized gradient approximation
GGA proposed by Perdew and Wang28 PW91 is em-
ployed for the exchange-correlation energy functional. In this
approximation, several physical properties such as inter-
atomic distance and cohesive energy are well described in
many systems. The spin polarization of the system was also
considered.
In order to reduce the number of plane waves used in the
calculation of the electronic structure, a pseudopotential
method is employed for an approximation of the nucleus,
inner core electrons, and valence electrons. An unempirical
pseudopotential called ultrasoft pseudopotential29 was em-
ployed. In a manner similar to other methods, relativistic
correction terms such as the mass velocity and the Darwin
terms are included in the pseudopotentials. For Na, Cu, and
Ag atoms, 3s1, 3d104s1, and 4d105s1 electrons were explicitly
treated as the valence electrons, respectively.
Instead of treating the isolated system as is, the total
energy can be effectively converged by using a plane wave
basis set within a reciprocal space representation, which is
frequently used in periodic systems. Here, isolated systems
are approximated by pseudocrystal systems constructed us-
ing arranged isolated systems having sufficient space be-
tween them.
In this method, the total energy can be effectively con-
verged by simply increasing the cutoff energy of a plane
wave expansion. The total energy of the cluster is approxi-
mately evaluated from the total energy of the pseudocrystal
system per unit cell. Another advantage of employing this
method is that it is possible to evaluate the total energies and
electronic structures of the clusters and bulk solids using a
single method.
The edge length of each cubic unit cell of the pseudoc-
rystal systems was set to be 20–30 Å for NaN clusters and
15–30 Å for CuN and AgN clusters. It was confirmed that
these lengths are sufficiently large to neglect the electronic
wave vector dependence in these electronic structures. The
cutoff energies for the plane wave expansion were set to be
48.7, 233.7, and 180.7 eV for NaN, CuN, and AgN, respec-
tively. Brillouin zone integration was carried out only for the
-point in the pseudocrystal system. The residual minimiza-
tion scheme, direct inversion in the iterative subspace algo-
rithm was adopted for the effective self-consistent calcula-
tion of the electronic structures.30,31 The convergence
criterion of the total energy was set to be within 1
10−4 eV.
Geometric structures of the clusters were optimized from
several hypothetical initial structures using an optimization
algorithm called the conjugate gradient method.32 As initial
structures in the geometry optimization procedure for NaN
and CuN, the optimized cluster structures obtained from em-
pirical atomic pair potentials such as Lennard-Jones, Morse,
Sutton–Chen, etc.,33 were employed along with optimized
structures based on FP calculations that were obtained in
previous studies.24–26
In addition to these structures, structures expected to ex-
ist from the experimental photoelectron spectra34–37 and
those expected to exist in the neighborhood of the local mini-
mum points on the potential energy surface from our expe-
rience of the optimization procedures for these systems24
were selected. The optimized structures of NaN and CuN ob-
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tained in this study were employed as the initial structures of
AgN in the geometry optimization procedure, and the inter-
atomic distances satisfying the nearest neighbor atomic dis-
tance ratio between the Na, Cu, and Ag bulk crystals were
scaled.
The electronic density of states of the Na, Cu, and Ag
bulk crystals were calculated for comparison with those of
the clusters. The same cutoff energies and optimization
method used for the cluster systems were also used for the
bulk calculations. The lattice constants were optimized for
the hcp and bcc structures for Na, and the fcc structure for
Cu and Ag. Brillouin zone integration was carried out for the
k-point meshes generated by the Monkhorst–Pack scheme.38
For the bulk bcc, fcc, and hcp structures, the number of
meshes were selected to be 888, 888, and 88
4, respectively. The convergence criteria of the total en-
ergy for the bulk bcc, fcc, and hcp structure were set to be
within 1.010−4, 1.010−4, and 5.010−3 eV /atom, re-
spectively. The nearest neighbor diatomic distances, binding
energies, and bulk moduli for the dimers and bulk crystals
are presented in Appendixes A and B. The Vienna Ab-initio
Simulation Package VASP was employed in this study.39
III. CLUSTER GEOMETRIES
A. N dependence of most and metastable structures
In general, unlike the case of molecules, clusters have
various energetically nearly degenerated metastable struc-
tures. Therefore, the metastable as well as most stable struc-
tures must be considered for understanding cluster-related
phenomena.
Figures 1–3 show the most and metastable structures of
the NaN, CuN, and AgN clusters for 3N12, 13N22,
and 34N75, respectively. In these figures, the metastable
structures are carefully selected to show the structural-type
transition, as described below. Almost all of the most and
metastable structures of NaN, CuN, and AgN clusters are simi-
lar. Therefore, to save space, the cluster structures are repre-
sented by the structure of CuN in the figure. The types of
these structures are classified by notations I–V. This classifi-
cation obeys the order of stability in the structural type of
CuN. The symbols L, P, O, and C after I, II, III, IV, and V
indicate linear, planar, opened, and closed structures, respec-
tively. For a detailed analysis of the correlation between the
structural type and the energetical stability of the clusters,
these structural types should be further classified according
to the symbols. Both opened and closed structures are three
dimensional. The coordination number CN is a necessary
concept for the classification of these three-dimensional
structures. Although the CN can also be defined for linear
and planar structures, it is not required for the classification
in this study. An opened structure is defined as one without
atoms whose CNs are greater than or equal to 11. Other
three-dimensional structures are defined as closed structures.
The three values listed after the symbols L, P, O, and C
represent the relative energies of the most stable structures of
NaN, CuN, and AgN, respectively. A value of 0.000 is as-
signed to the most stable structure, and the relative energies
of the metastable structures are expressed in eV.
We consider the case of N=6 as an example. As shown
in Fig. 1, the structural type of the most stable structure in
Na6 is II, while that in Cu6 and Ag6 is I. The structural types
of the second stable structure in Na6 are I and in Cu6 and
Ag6, II. The structural type of the third stable structures in
Cu6 and Ag6 is III. However, structure III is not found in
Na6. A symbol N indicates a structural type that has not been
found. The two different figures of structure II show the
same cluster structure viewed from different angles. Such
different figures for the same structure are also shown for the
other values of N. Structural type IV at N=10 corresponds to
Plato’s polyhedron. The numerous highly symmetric struc-
tures including Plato’s polyhedron are labeled as TETRA,
OCTA, ICO, CUBO, and DECA, and they represent tetrahe-
dron, octahedron, icosahedron, cuboctahedron, and decahe-
dron, respectively. As shown in Figs. 2 and 3 the three struc-
tures composed of blue, red, and silver spheres represent the
structures of NaN, CuN, and AgN, respectively. These struc-
tures are shown to emphasize the relatively large structural
differences from the relation of similarity.
The following conclusions are obtained from the most
and metastable structures of the clusters. The optimized
structures of the NaN, CuN, and AgN clusters are almost iden-
tical if the most and metastable structures are simultaneously
considered. These features are restricted to the size range of
N22.24–27 In particular, the most stable structure of the
three clusters for N22 can be identified with high probabil-
ity. For N=34 and 38, all of the most stable structures of the
three clusters are different. For N=40, the most stable struc-
tures of alkali and noble metal clusters clearly differ. As
described later in detail, the most stable structure of Na40
obtained in this study is more stable than that obtained in
previous studies.40–42
For N=55, all of the three different clusters favor struc-
tural type I icosahedral structure for their most stable struc-
ture. The second and third stable structures at N=55 include
an atomic vacancy in an icosahedral flame.43 For all of the
three different metal clusters, these metastable structures are
more stable than the higher symmetric structures such as a
decahedron and cuboctahedron. Generally, it is difficult to
define an atomic vacancy in a cluster because it is a system
without periodicity in the structure. However, an icosahedral
structure can be considered to be a structure that is cleaved
from a quasicrystal. In fact, N=55 is the minimum number
that shows an atomic vacancy stability in the cluster struc-
ture. For N55, with increasing N, structures of the clusters
approach the periodic bulk crystal structure. Therefore, it is
expected that the probability of vacancy formation will in-
crease in finite cluster systems.
An overview of the structural-type transition of the most
stable structures in NaN, CuN, and AgN clusters with increas-
ing N is described below. The structures of NaN, CuN, and
AgN clusters are stable in a linear structure at N=2, planar
structure at 3N5 Na, 6 Cu and Ag, opened structure
at 6 Na, 7 Cu and Ag N15 Na and Cu, 16 Ag, and
closed structure at N16 Na and Cu, 17 Ag. These fea-
tures were already shown in previous studies.24–27 In this
work, the quantitative classification for the shape was given
for the later discussion. Systems comprising four or more
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III, P: 0.674, 1.300, 0.679I, O: 0.000, 0.000, 0.013 II, O: 0.089, 0.050, 0.000
II, O: 0.034, 0.026, 0.049I, O: 0.000, 0.000, 0.000 III, P: 0.623, 1.266, 0.561




I, P: 0.000, 0.000, 0.000 II, P: 0.029, 0.147, 0.018 III, L: 0.028, 0.253, 0.028
III, L: 0.219, 1.217, 0.637I, P: 0.000, 0.000, 0.000 II, P: 0.108, 0.401, 0.215
III, P: 0.199, 0.545, 0.397I, P: 0.000, 0.000, 0.000 II, O: N, 0.210, 0.525
III, O: N, 0.195, 0.647II, O: 0.000, 0.081, 0.189I, P: 0.031, 0.000, 0.000






IV, O: 0.661, 1.184, 1.074
II, O: 0.049, 0.132, 0.068 III, O: 0.026, 0.146, 0.042
II, O: 0.066, 0.168, 0.071I, O: 0.000, 0.000, 0.000 III, C: 0.439, 1.037, N
N = 11
N = 12
I, O: 0.000, 0.000, 0.000
TETRA
FIG. 1. The most and metastable structures of NaN, CuN, and AgN clusters for 3N12 are shown. Almost all of the most and metastable structures of these
clusters are similar. Therefore, the cluster structures are represented by the structures of CuN to save space in this figure. The structures are classified according
to their types using notations I–IV. This classification obeys the stability order in the structural type of CuN. The symbols L, P, O, and C used after the
notations indicate linear, planar, opened, and closed structures, respectively. Opened and closed structures are both three-dimensional structures. An opened
structure is defined as one without any atoms whose coordination number is greater than or equal to 11. Other three-dimensional structures are defined as
closed structures. The three values following the symbols L, P, O, and C represent the relative total energies of the most stable structures of NaN, CuN, and
AgN, respectively. A value of 0.000 is assigned to the most stable structure and the energy of metastable structures is expressed in units of eV. The symbol N
is used to denote a structure that cannot be identified. The two different figures shown above show views of the same cluster from different angles. The
numerous, highly symmetric structures, including Plato’s polyhedron, are labeled as TETRA, OCTA, ICO, CUBO, and DECA, and they represent tetrahedron,
octahedron, icosahedron, cuboctahedron, and decahedron, respectively.
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II, O: 0.012, 0.015, 0.016I, O: 0.000, 0.000, 0.000
III, C: 0.248, 1.044, N IV, C: 0.536, 1.420, 1.045
III, C: N, 0.953, 1.004II, O: 0.077, 0.186, 0.021I, O: 0.000, 0.000, 0.000
III, C: 0.153, 0.383, 0.347




II, O: 0.108, 0.129, 0.000I, O: 0.000, 0.000, 0.068
V, C: 0.118, 1.626, 1.305
I, C: 0.048, 0.000, 0.000 III, O: 0.394, 0.625, 0.269
IV, O: 0.580, 1.017, 0.659II, C: 0.000, 0.025, 0.051
IV, O: 0.851, 1.455, 1.010II, C: 0.000, 0.078, 0.135
I, C: 0.000, 0.000, 0.135 II, C: 0.159, 0.098, 0.000
III, C: 0.022, 0.064, 0.356II, C: 0.196, 0.053, 0.000I, C: 0.000, 0.000, 0.287






I, C: 0.013, 0.000, 0.000 II, C: 0.000, 0.266, 0.163
N = 17
III, O: 0.346, 0.603, 0.344
III, O: 0.546, 0.981, 0.264
III, C: 0.163, 0.230, 0.154
I, C: 0.020, 0.000, 0.000
I, C: 0.032, 0.000, 0.000





FIG. 2. The most and metastable structures of NaN, CuN, and AgN clusters for 13N22 are shown. The notations used are the same as those in Fig. 1. Some
isomers of NaN and AgN are also shown for cases where their structural deviations are relatively large from the relation of similarity. The structures of NaN
and AgN are indicated in blue and silver, respectively.
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atoms can possibly assume three-dimensional structures such
as a tetrahedron and trigonal pyramid. However, for all of the
three different metal clusters, the most stable structures are
not three dimensional at 4N5 Na, 6 Cu, and Ag. At
N=4, the three-dimensional structures are not stable for these
systems. Instead, a rhombus structure is stable at N=4. A
three-dimensional structure such as a tetrahedron is realized
in other metal clusters such as Mg4.
44
The stable cluster structures obtained for small size
range N22 in this study can be roughly understood from
knowledge of the electronic states using the spherical jellium
model SJM. The main difference between the FP model
used in this study and the SJM is the manner in which the
atomic configuration in the cluster is treated. In the SJM,
only the outermost valence electrons in the each atom com-
posing the cluster are considered as valence electrons. The
V, C: 1.034, 3.289, 2.118
I, C: 0.000, 0.000, 0.000
II, C: 0.330, 0.382, 0.105I, C: 0.000, 0.000, 0.000
N = 55
N = 68
IV, C: 0.803, 2.410, 1.364
I, C: 0.000, 0.000, 0.000
N = 58
II, C: 0.142, 0.729, 0.615
I, C: 0.000, 0.000, 0.000
N = 70
II, C: 0.091, 2.965, 2.227
I, C: 0.000, 0.000, 0.000
N = 71
II, C: 0.723, 0.745, 0.311
N = 75
I, C: 0.000, 0.000, 0.000
II, C: 0.320, 0.819, 0.683
III, C: 0.360, 0.931, 0.596
I, C: 0.419, 0.000, 0.152 II, C: 0.595, 0.143, 0.000
N = 38
N = 40
I, C: 0.469, 0.000, 0.192
N = 34
II, C: 0.534, 0.049, 0.000
I, C: 0.470, 0.000, 0.000
III, C: 0.000, 0.599, 1.032
III, C: 0.000, 1.223, 0.942
II, C: 0.069, 1.278, 1.240
III, C: 0.000, 2.778, 0.651
ICO
DECA CUBO
FIG. 3. The most and metastable structures of NaN, CuN, and AgN clusters for 34N75 are shown. The notations used are the same as those in
Figs. 1 and 2.
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other electrons and nuclei are unified into a uniform positive
charge distribution with a spherical surface boundary. There-
fore, the valence electrons in the SJM reside in the central
force field. As a result, each degenerated valence electronic
state is specified with a monoangular momentum:
S,P ,D,F , . . ., in a manner similar to the case of electrons in
an atom, and protons and neutrons in a nucleus. The stable
structures of the metal cluster obtained in this study for small
size range N22 can be roughly considered as those satis-
fying the cluster shapes followed by the valence electronic
density distribution that originates from the occupied orbitals
in the SJM. For larger size range N34, the shapes are not
simply explained from the knowledge.
B. N dependence of the averaged nearest neighbor
distance and coordination number
Figure 4a shows the averaged nearest neighbor dis-
tance ANND of the most stable structures of NaN, CuN, and
AgN clusters for 2N75. ANND is defined as the sum of
the nearest neighbor atomic distances divided by the number
of bonds in a cluster. In this study, the nearest neighbor atom
is defined as atom which resides in space from the center of
noted atom within 4.2168, 3.1488, and 3.6072 Å for NaN,
CuN, and AgN, respectively. As shown in the figure, the
ANND value of the cluster reaches approximately 90% of
the bulk value at N=20 for all of the three different clusters.
However, the ANND does not converge to the bulk value at
N=75, and the values are approximately 98% of the bulk
ones. Over the entire range of N, the ratio of ANND among
the three different clusters agrees well with that of the bulk
crystals.
Figure 4b shows the averaged coordination number
ACN of the most stable structures of NaN, CuN, and AgN
clusters over the range of 2N75. ACN is defined as the
sum of the nearest neighbor coordinated atomic number for
all atoms composing the cluster divided by N. The N depen-
dence of ACN for the three different clusters is similar; it
should be noted that the ACN values do not reach 9 75% of
the bulk value of 12 even at N=75. This is attributable to
the existence of a surface in the cluster.
C. Difference between planar structures of sodium,
copper, and silver clusters
As described in Sec. III A, the most and metastable
structures of the three different metal clusters are quite simi-
lar. Here, the cluster structures having the same structural
type are compared quantitatively using structure III at N=7
as an example. Figure 5 shows the details of the structures,
represented by the Cu7 structure as an example. The three
values represent the angle or interatomic distance of Na7,
Cu7, and Ag7, respectively. These values are expressed in
degrees or angstroms, respectively. The blue and green val-
ues in parentheses represent the relative angle ratios: angle
distanceNa7 /angledistanceCu7 and angledistanceAg7
/angledistanceCu7, respectively.
Structure III in Na7 belongs to the C2h point group, while
in Cu7 and Ag7, it belongs to the D2h point group; all of these
structures are third stable structures. These structures have a
Jahn–Teller deformation45 in the equilateral hexagon in the
D6h point group. As expected, the relative angle ratio of Ag7
is closer to 1 than that of Na7. This is a typical example that
indicates the stronger similarity between the two noble metal
clusters. However, there are several exceptions in clusters
having a larger value of N. This may occur due to the in-
crease in the number of degrees of freedom in the atomic
positions. Therefore, it is not possible to present an oversim-
















Na hcp Expt., ref. a
Na bcc Expt., ref. a
Na bcc Expt., ref. b
Na Expt., ref. a
Cu fcc FP-DFT
Cu fcc Expt., ref. b
Cu Expt., ref. a
Ag fcc FP-DFT
Ag fcc Expt., ref. b




















FIG. 4. a shows the N dependence of the ANND in units of angstroms and
b shows the ACN from atom to bulk for NaN, CuN, and AgN for 1N
75, and  bulk. The ACN values of the bulk crystal—12 Na: hcp, Cu:
fcc, Ag: fcc and 8 Na: bcc, are not shown in b. References a, b, and c,
correspond to Refs. 46–48, respectively.
N = 7: III
63.3(1.04), 60.9, 61.1(1.00)




FIG. 5. The deviation from the relation of similarity shown in structure III
of Na7, Cu7, and Ag7 shown in Fig. 1. The values of the angles and inter-
atomic distances are shown in the order of Na7, Cu7, and Ag7. Structure III
of Cu7 is shown as an example. The angles and interatomic distances
are expressed in units of degrees and angstroms, respectively. The blue
and green values in the parentheses represent the relative ratio
of angledistanceNa7 /angledistanceCu7 and angledistanceAg7 /
angledistanceCu7, respectively.
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D. N dependence of the specific atomic volume




Here, R indicates the averaged distance between each
atomic coordination Ri and center of mass RCM in a cluster.







	Ri − RCM	 . 2
It should be noted that the specific volume does not converge
to the true atomic volume for the infinite lattice. To compare
the N dependence of vN for the different metal clusters,
each vN is normalized to that of a dimer, i.e., v2.
Figure 6a shows the N dependence of a normalized
volume for the most stable structures of NaN, CuN, and AgN
for 2N22. The N dependence of the normalized volume
vN /v2 is very similar in the three metal clusters. The
trends of the change in the N dependence at transition sizes
N between different structural types are indicated using the
symbols L, P, O, and C. vN /v2 decreases significantly at
N from P to O. Further, significant decreases are observed at
N from O to C.
Figure 6b shows the volumes of the most stable struc-
tures in the range of 15N75. Here, the scale of
vN /v2 is expanded to show the change clearly. In gen-
eral, for N20, vN /v2 increases monotonically with N
for all of the three metal clusters. However, it should be
noted that the values decrease significantly with increasing N
between Cu40 Ag40 and Cu55 Ag55, unlike the case of
Na40 and Na55. This can be attributed to the effect of d elec-
trons in that they may shrink the interatomic distances of the
quasispherical structure—an icosahedron which is the most
stable structure at N=55. The relation with the melting point
Tm is discussed in Appendixes A and B.
The cluster volume cannot be defined in unique. Here,
another cluster volume is defined based on the ANND. If a
cluster is supposed to be an assemble of rigid atomic spheres
with half of ANND radius, the atomic volume in cluster








Figures 6c and 6d show the N dependence of the normal-
ized atomic volume vANNDN /vANND2. It is apparent that
the drastic change in the trend of N dependence in
vANNDN /vANND2 is not observed for the three metal clus-
ters.
IV. N DEPENDENCE OF THE CALCULATED CLUSTER
ENERGY FOR 2N75 AND 
A. Overall aspects of the cluster binding energy
As described in Sec. III A, the most stable structures of
the three metal clusters were searched over the range of 2
N75 and the ground state cluster energies EN were
evaluated. In general, it was observed that EN /N of the
metal clusters increased with N and approached E /,
which corresponds to the value of the bulk cohesive energy.
Interestingly, EN exhibited higher or lower values at a par-
ticular value of N. To investigate the aspects of EN in de-
tail, the N dependence of the difference between EN and
the liquid drop model11 LDM average EN, defined as
EN  EN − EN , 4
is evaluated. Here, EN is expressed by a linear combina-








































































FIG. 6. a, b, c, and d show the
N dependence of the normalized spe-
cific cluster atomic volume vN /v2,
and the normalized cluster atomic vol-
ume vANNDN /vANND2 for the most
stable structures of NaN, CuN, and AgN
for 2N22 and 15N75, re-
spectively. Each structure is denoted
using the symbols L, P, O, and C.
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EN = avN + asN2/3 + acN1/3. 5
The first, second, and third terms denote the volume, surface,
and curvature energy, respectively. The fitting parameters av,
as, and ac were determined as described below. Here, the
averaged cluster binding energy per atom EbN /N, defined
as
EbN/N  E1 − EN/N , 6
must be calculated to evaluate EN.
av was uniquely determined from the cohesive energy of
the bulk crystal that corresponds to EbN /N at N=. as
and ac were determined as coefficients of the fitting curve
EbN /N to the cluster binding energy EbN /N over the
range of 2N75 by applying the least-squares method
and minimizing those values under the boundary condition
Eb1=0. Figure 7 shows the cluster binding energy per
atom EbN /N and the LDM average EbN /N as functions
of N−1/3. EbN /N and the average EbN /N of NaN, CuN,
and AgN at N=2–75 and  are presented. N
−1/3=0, 0.237,
and 0.794 correspond to N=, 75, and 2, respectively.
We now consider the difference between EbN /N and
the LDM average EbN /N. With an increasing in N from 2
to 75 and then , a significant similarity is observed in the
difference among the NaN, CuN, and AgN clusters in which
each element has one s electron in the outermost shell. For
the sake of comparison, the experimental bulk cohesive en-
ergy and binding energy of a dimer46–48 are also shown in
Fig. 7. The values of the bulk cohesive energy and binding
energy obtained through our calculations and experiments
are in good agreement. However, in a Ag bulk crystal, the
calculated cohesive energy does not agree well with the ex-
perimental value. This disagreement may be attributable to
the incompleteness of the description of the Ag Z=47
atom. As reported in previous studies,49 the disagreement
originates from the treatment method of the relativistic effect
through the pseudopotential, the exchange-correlation energy
functional—GGA, and the basis set for the electrons—plane
waves. Although an improvement in the description is de-
sired, we expect that the qualitative feature of the growth
behavior of a Ag cluster from an atom to bulk shown in this
study will not change.
B. Detailed analysis of the N dependence of cluster
binding energy
In Sec. IV A, a strong similarity is pointed out for NaN,
CuN, and AgN clusters in the N dependence of the difference
between the cluster binding energy per atom EbN /N and
the LDM average EbN /N. In this section, we analyze this
similarity in detail.
Figure 7 shows that the difference for each of the three
clusters approaches 0 with increasing N. However, it is dif-
ficult to compare them for large value of N. Therefore, the N
dependence of the N multiplied values EN−EN
+ EN is noted for the detailed analysis.
Figures 8a and 8b show the N dependence of EN
for the three metal clusters over the ranges 1N22 and
15N75, respectively. In Fig. 8a, a strong similarity is
observed in the N dependence of EN for 1N22.
These values indicate an odd-even alternation in N. In other
words, EN increases from an odd N to the next even N,
and then decreases from an even N to the next odd N. In
many cases, EN is positive at even N and negative at odd
N. In Fig. 8b, a significant similarity is observed in the N
dependence of EN for 15N75. EN is larger at N
=34, 55, and 58 and smaller at N=40, 68, 70, 71, and 75 are
compared to those at the neighborhood N considered in this
study. The amplitudes of EN for CuN and AgN are much
larger than that for NaN. Further, the values of CuN and AgN
are closer. This is attributable to the effect of d electrons in
noble metal clusters.
C. Definition of the cluster magic number
and identification
In many previous studies of clusters, a N value that gives
a special cluster stability has been frequently called as the
magic number. To understand the N-dependent system stabil-
ity, it is necessary to evaluate the magic number based on FP
calculations because it can be a standard magic number.
However, criterion of the magic number has not yet been
presented. Therefore, to understand the N-dependent system
stability, we must first define the magic numbers.
First, the curvature of the cluster energy for N−2EN,
defined as
2EN  EN + 1 + EN − 1 − 2EN , 7
is discussed. If 2EN exhibits a positive value at N,
namely,
2EN  0, 8
N may be a magic number because EN might be a local
minimum for N. Figure 8c shows the N dependence of
2EN for the three metal clusters. Here, the magic numbers
of the three clusters can be identified as N=2, 4, 6 Na, Ag,
8, 10, 12, 14, 18, and 20. For these values of N, an odd-even
alternation is clearly observed. All of these values of N are
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FIG. 7. The dependence of the binding energy of the ground state structures
of NaN, CuN, and AgN 1N75, bulk on N−1/3. For each element, the
LDM average is also shown. References a and b correspond to Refs. 46 and
47, respectively.
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alternation originates from the spin degeneracy and each
electronic shell closing in the clusters as presented in the
curvature of eigenvalue sum within the Hückel model.50 In
addition, the N dependences of the peak intensities are simi-
lar in the three clusters, although the absolute values of the
peaks are larger in the noble metal clusters than in the alkali
metal cluster for most values of N. As in the case of EN
described in Sec. IV B, the values of 2EN are closer in the
noble metal clusters.
Although it is possible to derive other conclusions from
the absolute values of 2EN, only 2EN may not be a
sufficient criterion for the evaluation of magic numbers. In
general, additional information is required for the identifica-
tion.
EN can be a criterion for identifying magic numbers
because of its definition: the energy difference between a real
cluster and the continuously averaged energy model, LDM.
The magic numbers N should satisfy the condition
EN  0. 9
This condition is satisfied for N=2, 4 Ag, 6, 7, 8, 10, 12
Cu, 14, 17 Cu, 18, 19, 20, and 21 Na.
If only 2EN and EN are considered, magic num-
bers N can be defined as
2EN  0, EN  0. 10
If this criterion is employed for the magic numbers in NaN,
CuN, and AgN clusters for N21, the common magic num-
bers N=2, 4 Ag, 6, 8, 10, 12, 14, 18, and 20 are identified.
It should be noted that the set of magic numbers evalu-
ated from 2EN, and EN for 1N21 is similar. As
shown in Fig. 8d, there are strong positive correlations be-
tween EN and 2EN. The correlation coefficients CCs
between them for NaN, CuN, and AgN are 0.625, 0.625, and
0.679, respectively. The CCs for 2N21 are larger; CCs
for NaN, CuN, and AgN are 0.726, 0.791, and 0.797, respec-
tively. These differences can be attributed to the definition of
E1, and the large minus value of 2E1s. These large
CCs suggest that the EN only itself can be a good crite-
rion of the magic number.
In this study, 2EN for N34 is not evaluated. For
N34, magic numbers are identified only from EN.
Therefore, N=34 Na, 38 Na, 40 Na, 55, and 58 are
identified as magic numbers. In this definition, the odd num-
ber N=55 is also considered to be a magic number.
In our FP calculations, the common feature of the magic
numbers in NaN, CuN, and AgN can be attributed to the de-
localized s valence electrons. The localized d electrons in the
noble metal clusters increase the stability difference between
magic and not-magic clusters.
D. N-dependent stability of NaN clusters
from the experiment and total energy calculations
1. 2E„N…
The N dependence of the peak intensity IN in the ex-
perimentally observed abundance spectra and the cluster en-
ergy EN evaluated from the FP calculations have not yet
been compared quantitatively. This comparison is important
for understanding the magic number observed in the experi-
ment. On the basis of several assumptions, semiquantitative
comparison method17,20 has already been developed for an
experimental result of NaN Ref. 3 and the theoretical total
energy calculations. Although experimental results for CuN
and AgN Refs. 51 and 52 are available, they cannot be
easily compared with our calculation results quantitatively.
Therefore, in this section, we only focus on the magic num-
bers of NaN.
With regard to experiments with NaN, only the result of
Knight et al.3 is discussed. As shown in other experiments
with NaN such as those by Bjørnholm et al.,
13 Rabinovitch et



































































FIG. 8. a and b show the N depen-
dence of EN for the most stable
structures of NaN, CuN, and AgN clus-
ters at 1N22 and 15N75, re-
spectively. c shows 2EN for the
most stable structures of NaN, CuN,
and AgN at 1N21. d shows cor-
relation between and 2EN for NaN,
CuN, and AgN at 1N21. The CCs
for them are also shown. The numbers
in parentheses mean the CCs for them
at 2N21.
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and 92. Therefore, without significant improvements in the
experimental method, these abundance spectra and magic
numbers appear to remain unchanged. Obviously, if the ex-
perimental results remain unchanged, the theory itself must
be reconsidered.
Here, the curvature of EN evaluated from our calcula-
tions and the peak intensity IN in the abundance spectra
were semiquantitatively compared based on the method de-
scribed below. The abundance spectra of NaN clusters re-
ported by Knight et al. are considered to be attributed as
follows. First, Na atomic vapor is formed by heating Na bulk
solid in an Ar-gas-filled closed space in the experimental
apparatus.54 Then, NaN clusters are formed by the adiabatic
cooling of the mixture after passing through the skimmer in
the apparatus. Then, N-distributed neutral charged NaN clus-
ters were assumed to be obtained in a thermal equilibrium
condition. If the assumption for the NaN distribution is true,
the relationship




must be satisfied. Here, the 	N, A, kB, and T denote the
number density of neutral charged NaN, a constant, Boltz-
mann constant, and the absolute temperature, respectively.
These clusters were ionized by light and then accelerated by
an electric field for mass selection. In these steps, the
N-distribution of 	N is assumed to remain unchanged. Fi-
nally, these clusters were detected and the N-distribution of
the neutral charged clusters was observed using the detector.
Therefore, finally,
IN = B	N 12
holds. Here, B is a constant. From Eqs. 7, 11, and 12,
the following equation is derived:
2EN = kBT ln
IN2
IN + 1IN − 1
. 13
Namely, 2EN can be evaluated from IN of the experi-
mental abundance spectra.
Figures 9a and 9b show the N dependence of 2EN
evaluated experimentally by Knight et al., 2EexptN, and by
the FP calculations in this study, 2EFP-DFTN for N22
and 15N75, respectively.
We first compare the N dependence of 2EexptN and
2EFP-DFTN for neutral charged NaN clusters. Generally,
there is a good agreement between them. However, contrast-
ing trends are observed in two rows of N: 1 N=5, 6, and 7
and 2 N=17 and 18. The peak intensity of 2EexptN and
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FIG. 9. a and b show the N depen-
dence of 2EN=kBT lnIN2
/ IN+1IN−1 of NaN as given by
Knight et al. Ref. a corresponds to
Ref. 3 at 700 kPa Ar in the cluster
production step, and 2EN of the FP
model for NaN clusters at 1N22
and 15N75, respectively. For
2EN value given by Knight et al.,
the value of the temperature is set to
800 K as measured in the nozzle chan-
nel before the cooling step in the ex-
periment. The inset of b shows cor-
relation in 2EN evaluated from the
FP model and the experiment for NaN
at 5N21. c and d show the N
dependence of EN of the SJM Ref.
14 and FP model. e and f show the
N dependence of 2EN of NaN clus-
ters evaluated by various jellium mod-
els and the FP model for 1N22
and 15N75, respectively. Refer-
ences c, d, and e, correspond to Refs.
6, 55, and 8, respectively.
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in the inset of Fig. 9b, large CC: 0.711 is obtained for 5
N21. For N34, 2EFP-DFTN is not evaluated in this
study.
As shown in Fig. 8d, there is a strong correlation in the
N dependence between 2EFP-DFTN and EFP-DFTN for
NaN. From this similarity, instead of the 2EFP-DFTN, the
EFP-DFTN can be considered as a comparative value to the
2EexptN. This aspect is discussed in Sec. IV D 2.
2. 2E„N… and E„N…
The EN evaluated from the FP calculations in this
study, EFP-DFTN, and from the DFT-based SJM calcula-
tions by Genzken and Brack,14 ESJM-DFTN, are shown in
Figs. 9c and 9d.
In a manner similar to 2EFP-DFTN, EFP-DFTN exhib-
its good agreement with 2EexptN with regard to the N
dependence. However, in a manner similar to the case of
2EFP-DFTN, EFP-DFTN exhibits a different N dependence
with 2EexptN in two rows of N: 1 N=5 and 6 and 2
N=17 and 18. Here, it should be noted that the order of peak
intensity at N=8 and 20 of EFP-DFTN exhibits better agree-
ment with 2EexptN than with 2EFP-DFTN. Based on
these results, EFP-DFTN is compared to 2EexptN for N
34. Here, it is assumed that there is a similarity between
the N dependence of EFP-DFTN and that of 2EFP-DFTN
for 34N58.
In 2EexptN, distinctive peaks are formed at N=40 and
58. Similar to the case of 2EexptN, EFP-DFTN is rela-
tively large at N=58. However, EFP-DFTN at N=40 is not
particularly so distinctive. Although 2EexptN is remark-
ably distinctive at N=40, the value of EFP-DFT40 is not so
distinctive as same as that of EFP-DFT38. Further, for N
=34 and 55, EFP-DFTN exhibits distinctive peaks and these
values are larger than EFP-DFT40 and EFP-DFT58. In ad-
dition, for N=68, 70, 71, and 75, EFP-DFTN has negative
values, and these features are not exhibited by 2EexptN.
As shown here for NaN, although the N dependence of
EFP-DFTN exhibits good agreement with that of 2EexptN
in the range of N22, the same is not necessarily true in the
range of N34. This point is discussed in Sec. IV E.
E. Improvement of the magic number description
for NaN clusters within density functional calculations
In this section and Sec. IV F we evaluate the source of
this disagreement in the N dependence of EN2EN
obtained from theoretical total energy calculations and
2EN obtained from the experiment. In this subsection, we
review the N-dependent system stability of NaN by the im-
provement of theoretical models.
As shown in Figs. 9c and 9d, ESJM-DFTN obtained
by Genzken and Brack14 exhibits a N dependence similar to
that of EFP-DFTN for 2N58. Further, from Figs.
9c–9f, it can be also said that the N dependence of
2ESJM-DFTN is similar to that of ESJM-DFTN over the
range of 2N58, in a manner similar to the case of
EFP-DFTN and 2EFP-DFTN for 1N22. However, the
N dependence of EFP-DFTN exhibits a better agreement
with that of 2EexptN for N=34, 40, and 58 as compared to
that of ESJM-DFTN. This result suggests that the consider-
ation of the explicit ionic configuration in the total energy
calculation is significant to realize a better agreement with
the experiment with regard to the N-dependent system sta-
bility of NaN.
Figures 9e and 9f show the N dependence of 2EN
for NaN evaluated from various DFT-based models such as
the SJM SJM-DFT by Chou et al.,6 spheroidal jellium
model S’JM-DFT by Ekardt and Penzar,55 ultimate jellium
model UJM-DFT by Koskinen et al.,8 and the FP model
FP-DFT in this study for 1N22 and 15N75, re-
spectively. These 2EN values are denoted as
2ESJM-DFTN, 2ES’JM-DFTN, 2EUJM-DFT, and
2EFP-DFTN, respectively. The various jellium models are
different from the FP calculations in the treatment of the
ionic configuration and the exchange-correlation energy.
As shown in Figs. 9e and 9f, all of the calculation
results exhibit distinctive peaks at N=8, 18, and 20. In these
figures, remarkable differences are obtained in the number of
peaks between 2EN of the spherical models, SJM-DFT,
and nonspherical models, S’JM-DFT, UJM-DFT, and FP-
DFT. From these figures, it is apparent that the improvement
in the N dependence in 2EN from the nonspherical jel-
lium models to the FP model that explicitly treats the ionic
configuration is smaller as compared to that from the spheri-
cal models to the nonspherical models. Here it should be
noted that the neutral charged UJM for NaN shows surpris-




As shown in Fig. 9f, 2ESJM-DFT40 2ESJM-DFT40
is positive. However, it is smaller than 2ESJM-DFT20,
2ESJM-DFT34, and 2ESJM-DFT58 2ES’JM-DFT20,
2ES’JM-DFT34, and 2ES’JM-DFT58. On the other hand, as
shown in Fig. 9d, ESJM-DFTN for N=40 is negative.
Therefore, based on the definition of the magic number given
in Eq. 10, N=40 is not a magic number in SJM-DFT. How-
ever, N=40 may be a magic number in S’JM-DFT and FP-
DFT although EFP-DFT40 has a small positive value.
Therefore, the magic feature at N=40 is expected to be weak
in S’JM-DFT and FP-DFT. It is also expected that the con-
sideration of the deviation from central force field in the total
energy calculation is significant for obtaining a better agree-
ment in N-dependent system stability with the experiment.
Here, it should be noted that 2ESJM-DFT68 is nearly
0 eV. As shown in Figs. 9b and 9d, there is a large dif-
ference between 2Eexpt680 eV and EFP-DFT68
−0.5 eV. From the similarity between the N dependence
of EN and 2EN, 2EFP-DFT68 is expected to differ
significantly from 2Eexpt68 as compared to
2ESJM-DFT68. Therefore, it can be said that the N depen-
dences of 2EFP-DFTN and EFP-DFTN are not necessarily
more similar to that of 2EexptN as compared to those of
2ESJM-DFTN and ESJM-DFTN. However, insufficiency of
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the stable geometry search for N58 can be related to these
results, although this insufficiency does not affect to the main
conclusion for the N dependent system stability for N58.
F. The possibilities for reducing the difference
between the theoretically and experimentally obtained
N-dependent system stability
We now consider the possibilities for reducing the dif-
ference between the theoretically and experimentally ob-
tained N-dependent system stability. First, we discuss the
possibility of improving in the magic number description
based on the evaluation of the ground state energy. In the
case of NaN, it has already been shown that the N depen-
dence of the experimental abundance peak at N=5, 6, and 7
cannot be expressed even in terms of 2EN of the configu-
ration interaction calculations.57,58 Therefore, it is expected
that the improvement of the ground state energy evaluation
will never lead to an improvement in the agreement for small
values of N.
Thus for, several researchers have shown stable struc-
tures of Na40.
40–42 In previous studies, a nearly spherical
structure with high symmetry has not yet been obtained as
the most stable structure. Instead of such a structure, we have
found a structure with low symmetry III that is 0.320 eV
more stable than structure II, which is similar to the most
stable structure found thus far.40 The most stable structure,
III, does not exhibit a strong peak for N=40 in EFP-DFTN.
Further, energy differences between these structures are
small. Therefore, we expect that EFP-DFT40 will not realize
a strong magic feature even if a more stable structure is
found in Na40.
Within SJM, the N dependence of the energy per valence
electron for NaN was evaluated from a more precise FP cal-
culation method called the diffusion Monte Carlo DMC
calculation.59 A weak magic feature was obtained for N=40
as a dip in the total energy versus N curve. From the result a
weak magic feature is expected for N=40 in the N depen-
dences of 2ESJM-DMCN and ESJM-DMCN, in a manner
similar to the cases of SJM-DFT and FP-DFT. However, by
considering the explicit geometrical structure in DMC, the
magic feature for N=40 can be strengthened as compared to
that for N=34 and 58.
Second, we discuss the possibility of realizing improve-
ments by a more proper evaluation of the system stability. In
the experiments, the temperature in the apparatus is expected
to be related to the final results. However, in the cluster study
based on the total energy calculations, the temperature of the
system is 0 K. If the consideration of the temperature is
critical for the N-dependent system stability, instead of the
internal energy EN, the free energy FN must be consid-
ered. Further, the most stable and metastable structures of
NaN must be both considered properly for the N-dependent
system stability. To consider the contribution of metastable
structures, information about the potential energy surface or
free energy landscape is required.
Finally, we discuss the possibility of realizing improve-
ments from other viewpoints. In the case of NaN, various
shell models such as the Woods–Saxon type3,12 and harmonic
oscillator type4 that neglect the Coulomb interactions be-
tween electrons exhibit a magic feature at N=40 in the N
dependence of the shell correction energy and the curvature
for the sum of the electronic eigenvalues. Further, it should
be noted that the source of the larger HOMO-LUMO gap at
N=40 compared to N=34 is attributed to the octupole defor-
mation based on harmonic oscillator-type model,60 and FP
model.41 These N dependences are strongly affected by the N
dependence of the energy gap between the HOMO and the
LUMO, i.e., the HOMO-LUMO gap. As shown in Fig. 10,
within FP-DFT, the HOMO-LUMO gap for the most stable
structure of Na40 is larger than that of Na34. The absolute
value of the HOMO-LUMO gap may be larger if the quasi-
particle energy evaluated.61 The improvement is significant if
IN in the abundance spectra of NaN is a value that is more
strongly related to the shell correction energy and the curva-
ture of the sum of electronic eigenvalues as compared to
2EN or EN.
As described in this section, by a more proper treatment
of the system within the total energy calculations, discrepan-
cies in the description of the N-dependent system stability
with the experimental results can be reduced. However, this
is difficult even in the case of the simplest metal cluster NaN
as shown here. For discussing the N-dependent cluster sta-
bility, various problems must first be solved. However, the
magic number for the ground state, which avoids empirical
parameter, is significant because it can be a standard to un-
derstand the N-dependent system stability. Further, for prac-
tical reasons, the evaluation method based on FP calculations
is expected to retain the value in predictions of the experi-
mental values of magic numbers.
V. ELECTRONIC STRUCTURES
A. Evolution of the electronic structure
from atom to bulk
As described before, remarkable similarities are ob-
served in the N dependence of the most and metastable struc-
tures and in the ground state energies of NaN, CuN, and AgN
clusters. These similarities are attributed to the N dependence
of the electronic structure. In this section, N-dependent elec-
tronic structures for the most stable structures of each metal
cluster are discussed.
Figure 10 shows the Kohn–Sham energy spectra for the
most stable structures of the three metal clusters over the
range of 1N75 and  bulk. The density of states of the
bulk crystal obtained from the band calculation is shown in
the right-hand side space of each figure for the sake of com-
parison. Each Fermi level of the bulk crystal is set to the next
HOMO-LUMO gap for the N=75 cluster. For all of the three
figures, the space between HOMO and LUMO is colored
blue. The red lines represent the occupied and unoccupied
electronic energy levels.
For most values of N, the HOMO-LUMO gaps are small
at odd values of N and large at even values of N, which
results in the odd-even alternation of the HOMO-LUMO
gaps. However, the HOMO-LUMO gap is large for several
odd values of N and small for even values of N. Further, a
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cluster that has a large HOMO-LUMO gap tends to have a
lower HOMO and higher LUMO in the electronic structures.
It should be noted that the odd-even alternation of the
HOMO-LUMO gaps in CuN and AgN is significantly larger
than that of NaN for the benefit of d electrons. Further, the
similarity in the odd-even alternation is more distinctive be-
tween the noble metal clusters. Generally, the HOMO-
LUMO gap of each metal cluster converges to the Fermi
level of the bulk crystal with increasing N.
For all of the metal clusters, with increasing N, the fea-
ture of each bulk energy band gradually appears in the elec-
tronic states. The energy width between the bottom and top
of the occupied energy levels almost converges to that of the
bulk crystal at N=75. In the case of NaN, over a wide energy
range, the states are characterized by s and p. In CuN and
AgN, in addition to the s, and p characterized states similar to
those shown in NaN, energetically localized d band type
states also appeared. It should be noted that the features of
FIG. 10. N dependence of the Kohn–Sham eigenvalues from atom to bulk calculated for the most stable structures of NaN, CuN, and AgN at 1N75 and
 bulk. The red lines indicate occupied and unoccupied electronic energy levels. For each spin-polarized system, the up spin states left and down spin
states right are separated by a thin black line. The space between HOMO and LUMO is indicated in blue. Each projected value of s, p, and d to the
Kohn–Sham state is connected by water, green, and blue lines, respectively. The density of states of each bulk crystal is shown to the right of each figure. Here,
the Fermi level is represented by a dashed line. The Fermi level of a bulk crystal is arranged near the HOMO of the clusters composed of 75 atoms. Each
colored line in the bulk crystal is the same as that in the case of clusters.
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localized d band in the bulk crystals already appeared at a
rather small value of N in the width of the d states and the
energetical distance from the top of the d states to the Fermi
level. With increasing N, the strongly d characterized states
gradually expand and almost converge to the width of the d
band in each bulk crystal at N=75.
For the same type of geometrical structures as those de-
scribed in Sec. IIA, distinctive similarities were also ob-
served in the underwent splitting manner in which electronic
states that are strongly characterized by s and p. As shown in
Fig. 10, the energetical distances for the adjacent states
strongly characterized by s and p are larger in NaN than those
of CuN and AgN. This relationship can be roughly understood
from the relationship between the energetical distance for the
adjacent states and the width of a well in the quantum well
model, as described in the previous paper.24 In this case, the
s and p characterized electrons correspond to the quantum in
the well. As shown in Figs. 4a, 5, and 6a–6d for the
existence of spatially and enegetically localized d electrons,
closer interatomic distances are obtained in noble metal clus-
ters as compared to those in alkali metal clusters. Namely,
the width of the well is narrower in the noble metal clusters.
As a result, larger energetical distances are realized in the
noble metal clusters.
The stability of the spin-polarized state of the clusters is
summarized as given below. For any odd N clusters, the
stability of the spin-polarized state is higher than that of the
spin-unpolarized state. On the other hand, for most even N
clusters, the energy of the spin-unpolarized state is lower
than that of the spin-polarized state. However, several struc-
tures that have high degeneracy in the neighborhood of the
HOMO in the electronic state are exceptions. For a geomet-
ric structure with high symmetry, such as an icosahedron at
N=13 and N=55, cuboctahedron at N=38, capped icosahe-
dron at N=71, and Marks decahedron at N=75, the energy
levels around HOMO are highly degenerated. Therefore, the
high-spin states exhibit a higher stability than the low-spin
states in systems such as an icosahedron for Na55 Ref. 43
and Cu55, although the case is opposite for Ag55. However,
for all of them, the energy differences between the high- and
low-spin states are very small—0.033, 0.022, and 0.012 eV,
respectively. The system is stabilized by lowering the sym-
metry from Ih to Ci in the structures based on the Jahn–Teller
theorem.45
B. HOMO-LUMO gap, E„N…, and v„N… /v„2…
for the most and metastable clusters
In Sec. V A., only the electronic structure of the most
stable cluster structure is discussed. In this section, the elec-
tronic structures of the most and metastable cluster structures
are compared to understand the relationship between the
geometric and electronic structures of the clusters. To save
space, only the result of NaN is presented. Figure 11 shows
the HOMO-LUMO gap a and b, 2EN a, EN
c and d, and vN /v2 e and f of the most and
metastable structures of NaN clusters for 2N22 and 15
N75, respectively. The values of the most stable struc-
tures are connected by a line. Several important features are
observed from the comparison of the most and metastable
structures, as described below.
A close correlation is observed between the HOMO-
LUMO gap and 2EN of the most stable structure. As
shown in Figs. 11a and 11a, there is a strong correlation
in the N dependence between them for a range of 2N
21. Although the HOMO-LUMO gap considered in this
study is the Kohn–Sham HOMO-LUMO gap, originally, the
HOMO-LUMO gap is a physical value that corresponds to
the difference between the ionization potential and the elec-
tron affinity in the system. The ionization potential of a neu-
tral charged cluster composed of N atoms is defined as the
energy difference between the total energy of the neutral
cluster energy, EN ,n, and the one electron detached
charged cluster, EN ,n−1. The electron affinity of a neutral
charged cluster composed of N atoms is defined as the en-
ergy difference between the total energy of the neutral clus-
ter, EN ,n, and the one electron attached charged cluster,
EN ,n+1. Therefore, the HOMO-LUMO gap of a cluster
composed of N atoms—HLGN is defined as HLGN
EN ,n+1+EN ,n−1−2EN ,n. On the other hand, the
energy curvature of a cluster composed of N atoms, 2EN,
is defined as 2ENEN+1,n+EN−1,n−2EN ,n.
Although they are clearly different physical values, the forms
of these two types of values are very similar. The relation
described above should be studied in detail in the future.
Generally, as shown in Figs. 11a and 11b, the most
stable structures exhibit a relatively large HOMO-LUMO
gap. Further, as shown in Fig. 10, a cluster that has a large
HOMO-LUMO gap tends to have a lower HOMO and higher
LUMO in the electronic structures, as described in Sec. V A.
However, from a comparison with the energy differences be-
tween the most and metastable structures from EN shown
in Figs. 11c and 11d, it is apparent that a large HOMO-
LUMO gap is not a necessary condition for the most stable
structure. For example, in Na4, the metastable structure III
exhibits a larger HOMO-LUMO gap than that of the most
stable structure I. Although it is not shown in this paper, the
same type of example can also be shown for CuN and AgN.
Finally, the N dependence of the normalized cluster vol-
ume vN /v2 of the most and metastable structures, and
the relation to the total energy and the HOMO-LUMO gap is
noted. As shown in Figs. 11e and 11f, it is apparent that
the cluster volume is directly dependent on the structural
type, namely, L, P, O, and C. From the system stability, as
shown in Figs. 11c and 11d, it is apparent that the most
stable structures do not necessarily have a minimum value of
vN /v2. Further, the N dependence of vN /v2 for N
7 does not change significantly if energetically closed
structural isomers to the most stable structures are also con-
sidered. As shown in the figure, it is apparent that the rela-
tionship between the HOMO-LUMO gap and vN /v2 for
the most and metastable structures cannot be simplified.
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VI. CONCLUSIONS
The N-dependent geometric structure, system stability,
and electronic structures of NaN, CuN, and AgN metal clusters
are studied in detail for a range of 2N75 based on the
DFT. Strong similarities are observed between the three
different metal clusters. These similarities that originate from
the outermost is s electron in the alkali and noble metal
atoms composing each cluster. Much stronger similarities are
observed between the two noble metal clusters for the benefit
of d electrons. The most stable structures are the same for the
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FIG. 11. a and b show the N dependence of the HOMO-LUMO energy gaps of NaN for the most and metastable structures at 1N22 and 15N
75, respectively. a shows the N dependence of 2EN for the most stable structures of NaN at 1N21. c and d show the N dependence of EN
for NaN for the most and metastable structures at 1N22 and 15N75, respectively. e and f show the N dependence of vN /v2 for NaN for the
most and metastable structures at 1N22 and 15N75, respectively. Each type of structure, namely, linear L, planar P, opened O, and closed C,
is indicated by purple, black, red, and blue, respectively. For each figure, the values of the most stable structures are connected by a line.
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ter sizes N considered in this study. Even if the most stable
structures are different, the same type of structures is ob-
tained if the metastable structures are also considered. For all
of the three clusters, the structural type of the most stable
structure changes in the order L→P→O→C with increas-
ing N. This structural-type transition leads to a deviation
from the monotonic increase in specific volume with N. A
remarkable similarity is also observed for the N dependence
of cluster energy EN for the most stable geometric struc-
tures. This similarity is related to the similarity in the elec-
tronic structures. The amplitude of this energy difference is
larger in the two noble metal clusters than in the alkali metal
cluster. This is attributed to the contribution of the d elec-
trons to the bonds. The magic number is explicitly defined
with a new criterion in the framework of total energy calcu-
lations. In the case of NaN, a semiquantitative comparison
between the experimental abundance spectra3 and the total
energy calculations is carried out. For the improvement of
the agreement with the experimental result, several possibili-
ties arise for the total energy calculations. The changing as-
pects of the Kohn–Sham eigenvalues from N=2 to N=75 are
presented for the three different metal clusters. The features
of the bulk density of states already appeared at N=75 for all
of the three clusters. With increasing values of N, the
HOMO-LUMO gap clearly exhibits an odd-even alternation
and converges to 0. This alternation is a specific feature of
alkali and noble metal clusters in which each element has
one s electron in the outermost shell. It is also found that in
some cases, the HOMO-LUMO gap is large at odd value of
N and small at even value of N. Although there is similarity
in the N dependence of the HOMO-LUMO gap between the
three metal clusters, it is much stronger between the two
noble metal clusters. The spatially localized d electrons in
the noble metals are energetically localized. The growth as-
pect of the d band below the Fermi level of the noble metal
clusters with increasing N is presented. A good correspon-
dence is obtained in the d characteristic of the electronic
states between the cluster composed of 75 atoms and the
bulk metal.
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APPENDIX A: COMPARISON IN THE BASIC
PROPERTIES EVALUATED FROM THE FIRST
PRINCIPLES CALCULATIONS AND EXPERIMENTS
See Table I.
APPENDIX B: RELATION BETWEEN THE SPECIFIC
VOLUMES AND MELTING POINTS
Figure 12a shows vN /v2 of the most stable struc-
ture icosahedron of NaN for N=55, 147, and 309 obtained
in our previous study.43 Here, vN /v2 increases monotoni-
cally with N. Figure 12b shows the melting points Tm of the
NaN cluster at N=55, 147, and 309, as observed by Haber-
land et al.,62 to discuss the relationship with cluster volumes.
Tm decreases monotonically with increasing N. This N de-
pendence of Tm is in contrast to the trend observed in the
case of the cluster volume. Aguado and Löpez63 showed that
the volume vN and Tm of the most stable structures of the
NaN cluster exhibited an opposite trend for N55 from the
molecular dynamics calculations based on DFT-LDA. This
conclusion supports the existence of a relationship between
the N dependence of vN /v2 as evaluated by us and that
of the Tm observed by Habarland et al. Further, the more
precise DFT-LDA molecular dynamics calculations predict
that Tm of Na40 is higher than that of Na55.
40 Tm of Na40 has
TABLE I. The averaged nearest neighbor diatomic distance d, binding energy per atom Eb /N, and bulk
modulus B0 of dimers and bulk crystals for Na, Cu, and Ag in the equilibrium position evaluated from the DFT
Refs. 1 and 2-GGA PW91 Ref. 28 calculations in this study and other studies based on several experiments
are presented.







Dimer Bulk Dimer Bulk Bulk
Na This study 3.07 3.64 0.38 1.07 0.074
Expt. 3.079a 3.659b 0.379a 1.113b 0.068b
Cu This study 2.22 2.57 1.14 3.53 1.396
Expt. 2.220a 2.55b 0.915a 3.49b 1.37b
Ag This study 2.58 2.95 0.89 2.53 0.876
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not yet been observed experimentally. Our calculation results
of vN /v2 shown in Figs. 6a and 6b do not contradict
with the result of the DFT-LDA molecular dynamics study40
with regard to the relationship between Na40, and Na55.
If the conclusion about the relation between the cluster
vN or vN /v2 and Tm in NaN holds for CuN and AgN for
N55, it is expected that Tm of Cu40 and Ag40 are lower
than that of Cu55 and Ag55, respectively. For N22, the
volume of the most stable cluster changes significantly with
the structural-type transitions L→P→O→C described in
Sec. III A. Therefore, for N22, the N dependence of the
cluster Tm is expected to reflect this change.
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FIG. 12. a shows the N dependence
of vN /v2 for NaN N=55, 147, and
309, while b shows the N depen-
dence of the melting point Tm ob-
served by Haberland et al. Ref. 62.
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on various approximations to the exchange-correlation energy functional
within SJM-DFT under LDA, time dependent LDA TDLDA, and ran-
dom phase approximation RPA, the HOMO-LUMO gaps of NaN clus-
ters are evaluated in a range of N40. For N=34 and 40, the HOMO-
LUMO gaps are evaluated as 0.45 LDA, 1.45 TDLDA, 1.50 RPA,
and 0.20 LDA, 1.10 TDLDA, 1.30 RPA, respectively. If the ionic
configurations are considered, the values are expected to be changed.
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